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Abstract. Let A = © 4 >q Ai be a graded locally finite fc-algebra such that 
Aq is an arbitrary finite-dimensional algebra satisfying a certain splitting con- 
dition. In this paper we develop a generalized Koszul theory preserving many 
classical results. Moreover, we define a quotient graded algebra A = ©i>o Ai 
and show that A is a generalized Koszul algebra if and only if A is a classical 
Koszul algebra. We also describe an application of this theory to the extension 
algebras of standard modules of standardly stratified algebras. 



1. Introduction 

The classical Koszul theory plays an important role in the representation theory 
of graded algebras. However, there are a lot of structures (algebras, categories, etc) 
having natural gradings with non-semisimple degree parts, to which the classical 
theory cannot be applied. Particular examples of such structures include tensor 
algebras generated by non-semisimple algebras Aq and (Aq, Ao)-bimodules A\, and 
extension algebras of standard modules of standardly stratified algebras (see |13j). 
Therefore, we are motivated to develop a generalized Koszul theory which can 
be used to study above structures, and preserves many classical results such as 
the Koszul duality. Moreover, we also hope to get a close relation between this 
generalized theory and the classical theory. 

In [TUJ [TS1 [TCI US] several generalized Koszul theories have been described, where 
the degree part A of a graded algebra A is not required to be semisimple. In 
[26] . A is supposed to be both a left projective /In-module and a right projective 
Ao-module. In Madsen's paper [16], Aq is supposed to have finite global dimension. 
These requirements are too strong for us. The theory developed by Green, Reiten 
and Solberg in [TU] works in a very general framework. The author has already 
developed a generalized Koszul theory in [T2] under the assumption that Aq is self- 
injective, and applied it to the representation theory of some categories with nice 
structures. In all these papers, relations between the generalized theories and the 
classical theory are lacking. 

In this paper we loose the assumption that Aq is self-injective (as required in 
[T2] ) and replace it by some splitting property. Explicitly, let A = i>o Ai be 
a graded locally finite fc-algebra generated in degrees and 1, i.e., dim/; Ai < oo 
and A\ ■ Ai = A; + i for all i 0. We then define generalized Koszul modules and 
Koszul algebras by linear projective resolutions. If A satisfies the following splitting- 
condition, we show that many classical results can be preserved. 

(S): Every exact sequence 0— > P — > Q — > B.^> oi left (resp., right) 
Ao-modules splits if P and Q are left (resp., right) projective Ao-modules. 

l 



2 



LIPING LI 



It is well known that in the classical theory linear modules (defined by linear 
projective resolutions) and Koszul modules (defined by a certain extension property) 
coincide. We have a similar result: 

Theorem 1.1. Let A = i>0 Ai he a locally finite graded algebra satisfying the 
splitting property (S). If A is a projective A -module, then a graded module M 
is generalized Koszul if and only if it is a projective A -module and the graded 
r = Ext^(^4oj Aq) -module Ext^(M, Aq) is generated in degree 0, i.e., 

Ext^A), Ac) ■ Ext\{M,A ) = Erf A +1 (M, A ). 

We also have the generalized Koszul duality as follows: 

Theorem 1.2. Let A = © i>1 Ai be a locally finite graded algebra satisfying the 
splitting condition (S). If A is a generalized Koszul algebra, then E = Ext^(— , Aq) 
gives a duality between the category of generalized Koszul A-modules and the cate- 
gory of generalized Koszul T = Ext* A (AQ, Aq) -modules. That is, if M is a Koszul 
A-module, then E(M) is a Koszul T-module, and E^EM = Extp(_EM, Tq) = M. 

Let x be the radical of Aq and define 9t = AxA to be the two-sided ideal generated 
by r. For a graded A- module AI = i>o A^, we then define a quotient algebra 
A = A/ AxA = A l /(AxA) l and M = M/fRM = i>o Mi/(mM)i. We prove 

that M is a well defined ^-module, and show that M is generated in degree 
if and only if the corresponding graded A-module M is generated in degree 0. 
Consequently, we get the following correspondence between our generalized Koszul 
theory and the classical theory: 

Theorem 1.3. Let A = 0^>j A; be a locally finite graded algebra and M be a 
graded A-module. Suppose that both A and M are projective A^-modules. Then 
M is generalized Koszul if and only if the corresponding graded A-module M is 
classical Koszul. In particular, A is a generalized Koszul algebra if and only if A is 
a classical Koszul algebra. 

Note that in the above theorem we do not assume the splitting condition. There- 
fore, it can be applied to any generalized Koszul algebras. Particular examples 
includes extension algebras T = Ext^(A,A) of standard modules of standardly 
stratified algebras A. In [T3] we have described a sufficient condition for these 
extension algebras to be generalized Koszul. In this paper we show that their 
corresponding quotient algebras T are classical Koszul. 

The paper is organized as follows: In the next section we develop the generalized 
Koszul theory and prove the first two theorems. In Section 3 we describe the 
relation between these two Koszul theories and prove the third theorem. We apply 
the correspondence to extension algebras of standard modules in the last section. 

Throughout this paper k is supposed to be algebraically closed, and all modules 
are finitely generated (in the non-graded situation) or locally finite (in the graded 
situation) left modules if they are not specified. Composition of morphisms and 
maps arc from right to left. 

2. A GENERALIZED KOSZUL THEORY 

We start with some preliminary results, most of which are generalized from those 
described in [H [51 HS1 ■ The reader is also suggested to look at other generalized 
Koszul theories described in [TU1 E3 HH [22] ■ 
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Throughout this section let A = ® i>0 Ai be a locally finite graded algebra 
generated in degrees and 1, i.e., dim^ Ai < oo and A i+ i = A% • A^ for all i 0. 
An A- module M = (§) i>0 Mi is graded if Aj • Mj C M i+ j. It is said to be generated 
in degree s ii M = A ■ M s . It is locally finite if dinife Mj < oo for all i ^ 0. In this 
paper all graded modules are supposed to be locally finite. The degree shift functor 
[— ] is defined by letting M[i] s = M s ^i, i, s G Z. Denote 3 = 4>1 Ai, which is a 
two-sided ideal of A. We identify Aq with the quotient module A/3 and view it as 
a graded A- module concentrated in degree 0. 

The following lemmas are proved in |12| , where we did not use the condition that 
Aq is self-injective (Remark 2.8 in |12j). 

Lemma 2.1. (Lemma 2.1 in [12] J Le< A be as above and M be a graded A-module. 
Then: 

(1) Z is contained in the graded radical of A; 

(2) M has a graded projective cover; 

(3) the graded syzygy £IM is also locally finite. 

Lemma 2.2. (Lemma 2.2 in Let 0— s-L— ^il/— s-TV— be an exact sequence 
of graded A-modules. Then: 

(1) If M is generated in degree s, so is N. 

(2) If L and N are generated in degree s, so is M. 

(3) If M is generated in degree s, then L is generated in degree s if and only if 
ZM C\L=2L. 

Now we define generalized Koszul modules and generalized Koszul algebras. 

Definition 2.3. A graded A-module M is called a generalized Koszul module if it 
has a (minimal) linear projective resolution 

. . . ^ P n >■ P"- 1 >■ . . . ^ P° ^ M >■ 

such that P % is generated in degree i for all i ^ 0. The graded algebra A is called a 
generalized Koszul algebra if Aq viewed as an A-module is Koszul. 

The reader can easily see that M is a Koszul A-module if and only if M is 
generated in degree and fl l (M) is generated in degree i for every i ^ 1. Moreover, 
from the above projective resolution, we deduce that Mq = Pq and fT(M)i = P? 
are projective Ao-modules for all i ^ 1. 

From now on we suppose that A satisfies the splitting condition (S). That is, 
every exact sequence 0— > P — > Q — > R — >0of left (rcsp., right) A -modules splits 
if P and Q are left (resp., right) projective A -modules. 

Proposition 2.4. Let — ^ L —> AI — > N — > be an exact sequence of graded A- 
modules such that L is Koszul. Then M is generalized Koszul if and only if N is 
generalized Koszul. 

Proof. This is Proposition 2.9 in [T2]. The proof is almost the same except replac- 
ing the self-injective property of A by the splitting property (S). For the sake of 
completeness we give a brief proof here. 

By the second statement of the previous lemma, M is generated in degree if 
and only if TV is generated in degree 0. Consider the following diagram in which all 
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rows and columns are exact: 





^ SIL M' SIN >■ 



^P ^P®Q ^0 



L M ^ iV ^ 



0. 

Here P and Q are graded projective covers of L and N respectively. We claim 
M' = SIM. Indeed, the given exact sequence induces an exact sequence of A - 
modules: 

^ L M N 0. 

Observe that L is a projective A -modulc. If N is Koszul, then N is a projective 
A -module since N = Qq, and the above sequence splits. If M is generalized 
Koszul, then Mo is a projective Ao-module, and this sequence splits as well by the 
splitting property (S). In either case we have M = Lo(BN . Thus P®Q is a graded 
projective cover of M, and hence M' = SIM is generated in degree 1 if and only 
if S1.N is generated in degree 1 by Lemma 2.2. Replace L, M and N by (SIL)[— 1], 
(SIM)[— 1] and (f2iV)[— 1] (all of them are generalized Koszul) respectively in the 
short exact sequence. Repeating the above procedure we prove the conclusion by 
recursion. □ 

If M is a generalized Koszul module, its truncations (with suitable degree shifts) 
are generalized Koszul as well: 

Proposition 2.5. Let A be a generalized Koszul algebra and M be a generalized 
Koszul module. Then Z l M[— i] is also generalized Koszul for each i 1. 

Proof. This is Proposition 2.13 in |12j . For the convenience of the reader we include 
a brief proof here. Consider the following commutative diagram: 

^ SIM Sl(M ) ^ 3M 

- P° P° *■ 

ZM M Mo 

Since Ma is a projective Ao-module and Ao is generalized Koszul, f2(Mo)[— 1] is also 
generalized Koszul. Similarly, SIM[— 1] is generalized Koszul since so is M. There- 
fore, 3M[— 1] is generalized Koszul by the previous proposition. Now replacing M 



A GENERALIZED KOSZUL THEORY 



5 



by 3M[— 1] and using recursion, we conclude that J'M[-i] is a generalized Koszul 
A-module for every i ^ 1. □ 

From this proposition wc immediately deduce that if A is a generalized Koszul 
algebra, then it is a projective Ao-module. We now focus on graded algebras with 
this property. 

Proposition 2.6. If A is a projective Ao-module, then every generalized Koszul 
module M is a projective Ao-module. 

Proof. Clearly, it suffices to show that Mj is a projective Ao-module for each i ^ 0. 
Since M is generalized Koszul, Mq is a projective Ao-modulc. Now suppose i 1. 
The minimal linear projective resolution of M gives rise to exact sequences of Ao- 
modules: 

n s+1 (M)i Pf >■ Q s (M)i ^ 0, ^ s ^ i. 

If s = i, we have tt l+1 (M)i = since f2 l+1 (M) is generated in degree i + 1. Thus 
SV"(M)i = Pf is a projective Ao-modulc. Now let s = i — 1. Wc claim that the first 
term Q, l (M)i is a projective Ao-module. Indeed, fl l (M)[— i] is a generalized Koszul 
module, so (rj i (A/)[-i]) is a projective A -modulc. But fl i (M) i = (fl l (M)[-i}) . 
This proves the claim. Since the first two terms are projective Ao-modules, by the 
splitting property (S), we deduce that il l ^ 1 (M) i is a projective A -modulc. By 
recursion, we conclude that Mi is a projective Ao-module for every i > 0. □ 

The following lemma will be used in the proof of Theorem 1.1. 

Lemma 2.7. Let M be a graded A-module generated in degree 0. Suppose that 
both A and M are projective Ao-modules. Then QM is generated in degree 1 if 
and only if every A-module homomorphism QM — > Aq extends to an A-module 
homomorphism $P — > Aq, where P is a graded projective cover of M . 

Proof. This is a varied version of Lemma 2.17 in |12j . The exact sequence —y 
QM -> P — > M — > induces an exact sequence — ► (flM)i — >• Pi — > M\ — > of 
Ao-modules, which splits since Mi is a projective Ao-modulc. Applying the functor 
Honvi (— , Aq) we get another splitting exact sequence 

-> Uom Ao {M u A ) -> Uom Ao (Pi,A ) -> Hom A „((fiA/)i, A ) -¥ 0. 

Note that (QM)o = 0. Therefore, QM is generated in degree 1 if and only if 
QM/Z(nM) = (fiM)i, if and only if the above sequence is isomorphic to 

-> Hom Ao (Mi, A ) ->• Hom Ao (Pi,A ) ->• Honu (fiM/3f2M, A ) -> 0. 

Here we use the fact that Mi, Pi and (f2M)i are projective Ao-modulcs. But the 
above sequence is isomorphic to 

-> Hom A (5M, A ) -> Hom A (3P, A ) ->• Honu(QM, A ) -> 

since 3M and -JP are generated in degree 1. Therefore, J7M is generated in degree 
1 if and only if every (non-graded) A-module homomorphism QAI — > Aq extends 
to a (non-graded) A-module homomorphism -3P Aq. □ 

Let M be a graded A-module and T = Ext* A (A ,A ). Then Ext^ (M,A ) is a 
graded T-module. Now we restate and prove Theorem 1.1. 
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Theorem 2.8. Let A = ® j> A, be a locally finite graded algebra satisfying the 
splitting property (S). If A is a projective Ao-module, then a graded module M 
is generalized Koszul if and only if it is a projective A -module and the graded 
r = Ext* A (A , Aq) -module Ext^(M, Aq) is generated in degree 0, i.e., 

Ext^(A , A ) ■ Ext A (M,A ) = Ext^ +1 (M, A ). 

Proof. This is a varied version of Theorem 2.16 in |12j . Since the proof is almost 
the same, we only give a sketch. Please refer to [H] for details. 

The only if part. Let M be a generalized Koszul A-module. Without loss 
of generality we can suppose that M is indecomposable. By Lemma 2.6 M is a 
projective Ao-module. As in the original proof, it suffices to show that the given 
identity is true for i = 1, i.e., 

Ext^(M, A ) = Ext^(A , A ) ■ Eom A (M, A ). 

The proof of this identity is completely the same as the original proof. We omit 
the details. 

The if part. As in the original proof, we only need to show that VIM is generated 
in degree 1. By the previous lemma, it suffices to show that each (non-graded) A- 
module homomorphism g : VIM — > Aq extends to $P°, where P° is a graded 
projective cover of M. The proof of this fact is completely the same as the original 
proof. □ 

An immediate corollary of the above theorem is: 

Corollary 2.9. The graded algebra A is generalized Koszul if and only if A is a 
projective Ao-module and T = Ext^(Ao, Aq) is generated in degrees and 1. 

Now we can prove a generalized Koszul duality. 

Theorem 2.10. Let A = ^ i>1 Ai be a locally finite graded algebra satisfying the 
splitting condition (S). If A is a generalized Koszul algebra, then E = Ext^(— , Aq) 
gives a duality between the category of generalized Koszul A-modules and the cate- 
gory of generalized Koszul T = Fixt* A (Ao, Aq) -modules. That is, if M is a Koszul 
A-module, then E(M) is a Koszul T-module, and ErEM = Extp (EM, Tq) = M as 
graded A-modules. 

Proof. This is a varied version of Theorem 4.1 in [12]. We give a detailed proof 
for the convenience of the reader. Since Aq is a generalized Koszul module and M 
is a projective Ao-module, Mq is generalized Koszul as well. By Proposition 2.5, 
ZM[— 1] is also generalized Koszul. Furthermore, we have the following short exact 
sequence of generalized Koszul modules: 

nM[-l] ^ Q(M )[-1] ^ ZM[-1\ ^ 0. 

As in the proof of Proposition 2.4, this sequence induces exact sequences of gener- 
alized Koszul modules recursively: 

o — ^(m)H] — fi ; (Mo)H] — >■ n* _1 (3M[-i])[i - i] — ^ o. 

Take a fixed sequence for a certain i > 0. It gives a splitting exact sequence of 
Ao-modulcs: 



o — ^ n i (M) i — ^ n*(Afo)i — » n*- 1 ^ [-!])*_! — - o. 
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Applying Hom^o (— , Ao) to it and using the following isomorphism for a graded 
A-module N generated in degree i 

Rom A {N,A ) S Rom A (Ni, Ao) = Rom Ao (Ni, A , ) 

we get: 

-> Hom A (fi i - 1 (aM[-l]),^o) -> Rom A (Cl i (M ),A ) -> Honu^M, A ) -> 0, 

which is isomorphic to 

-> Ext7 x (CrM[-l],A ) -> Ext^(M , A ) ->• Ext' A (M,A ) 0. 

Now let the index i vary and put these sequences together. We have: 

£7(aM[-l])[l] £(M ) EM 0. 

Let us focus on this sequence. We claim il(EM) = E(ZM\— 1])[1]. Indeed, since 
M is a projective A -module, E(M ) is a projective T-modulc. But ZM[— 1] is 
generalized Koszul, so E{ZM[—1]) is generated in degree by the previous theorem. 
Thus E{ZM[— 1])[1] is generated in degree 1, and E(Mq) is a graded projective 
cover of EM. This proves the claim. Consequently, Vt(EM) is generated in degree 
1. Moreover, replacing M by 3M[— 1] (which is also generalized Koszul) and using 
the claimed identity, we have that 

fl 2 {EM) = fJ(£(3M[-l])[l]) = Q(£(3M[-1])[1] = £(3 2 M[-2])[2], 

is generated in degree 2. By recursion, Vl l (EM) = is generated in 

degree i for all i ^ 0. Thus EM is a generalized Koszul T-modulc (note that 
To = Aq P also satisfies the splitting property (S)!). In particular for M = A A, 

EA = Ext* A (A, Ao) = Hom A (A, A Q ) = T 

is a generalized Koszul T-modulc. 

Since Vt % {EM) is generated in degree i, 

n l {EM) t £ E(TM[-i])[i\i S £(3*Af [-*])<, 

= Hom A (a l Af[-i], A ) = Horn a (Mj, Ao). 

We also have 

Hom r (ff(£A/),r ) * Homr^fl^M),,^) 

S Homr (HomA(Af l ,A ),r ) 
S Hom ro (Hom Ao (M i , A ), T ) 
= Mi. 

The last isomorphism holds because Ms is a projective Ao-module and To = Aq P . 
Therefore, we get 

Ext^(EM,r ) = Homr(ff(^M),r ) = M l 

for every i > 0. Adding them together, E r E(M) = 0°^ o Mj = Af . 

Now we have Ey{E(A)) = Er(To) — A. Moreover, T is a graded algebra such 
that To = Aq P is self-injective as an algebra and Koszul as a T-module. Using this 
duality, we can exchange A and T in the above reasoning and get EEr(N) = N for 
an arbitrary Koszul T-module N. Thus E is a dense functor. 
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Let L be another Koszul ^4-module. Since L, M, EL, EM are all generated in 
degree 0, we have 

hom T (EL,EM) = Rom ro ((EL) , (EM) ) 

= Hom ro (Hom A (L, A ), Hom A (M, A )) 

= Hom A op (HomA (io, 4)), Rom Ao (M , A )) 

= HomAo^Oj M o) - hom A (L, M). 

Consequently, E is a duality between the category of Koszul A-modules and the 
category of Koszul T-modules. □ 

3. A RELATION BETWEEN THE GENERALIZE THEORY AND THE CLASSICAL 

THEORY 

In [12] we have already described a correspondence between the generalized 
Koszul theory and the classical theory for directed categories A, which are /c-lincar 
categories such that there are partial orders ^ on Ob A satisfying the condition that 
x ^ y whenever A(x,y) ^ 0. Wc first collect some results on directed categories 
and briefly describe this correspondence. In this paper all directed categories A 
are supposed to satisfy the following conditions: A is skeletal and has only finitely 
many objects; A is locally finite, i.e., dim^ A(x, y) < oo for all x, y G Ob A; the 
endomorphism algebra of every object is a local algebra. We also suppose that A 
is graded such that Aq = ® J . e0b A A(x, x). We then define 

3 = A(x,y), 

which coincides with i>x A%. Note that A can be viewed as a graded algebra. 

We collect some basic properties of directed categories in the following proposi- 
tions. 

Proposition 3.1. Let A be a directed category with respect to a partial order ^. 
Then the following are equivalent: 

(1) A is standardly stratified for ^ ; 

(2) for each pair of objects x, y G Ob A, A(x, y) is a free A(y, y)-module; 

(3) A is a left projective Ao-module. 

Proof. (1) => (2): This is a part of Theorem 5.7 in [12]. 

(2) => (3): Since Ao = xe ob a^{x,x), for x, y G Ob„4, A(x,y) is a projective 
Aq module. But as an „4 - m odule, A = K ye0 b a A(x, y). 

(3) => (1): By proposition 5.5 in [T2], standard modules are precisely indecom- 
posable summands of Aq (viewed as an „4-module) up to isomorphism. If A is a 
projective „4o-module, then it has a filtration by standard modules, so A is stan- 
dardly stratified for ^. □ 

Gabriel's construction relates a finite-dimensional algebra A and a locally finite 
fc-linear category A with finitely many objects. Call A the associated category of A 
and call A the associated algebra of A (see |13j for more details) and. In the next 
proposition we describe some algebras whose associated categories are directed. 

Proposition 3.2. Let A be a basic finite- dimensional algebra. 
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(1) If A is a standardly stratified for a preorder =4, then the associated category 
E of E = Ext^(A, A) is a directed category, where A is the direct sum of 
all standard modules. 

(2) If A is standardly stratified for all preorders, then the associated category 
A is a directed category. 

Proof. The first statement is a part of Theorem 1.4 in |13j . The second statement 
follows from Proposition 1.2 in [14]. □ 

When applying the generalized Koszul theory to graded directed categories, we 
get some close relation between this generalized theory and the classical theory. The 
explicit correspondence is described as follows. Let A be a graded directed category 
with respect to a partial order We define B to be the graded subcategory of A 
formed by replacing the endomorphism algebra of every object by k • 1, the span 
of the identity endomorphism. That is, Ob£> = Ob .4; B{x,y) = A(x,y) if x ^ y 
and B(x,x) = k ■ l x . Let A and B be the associated graded algebras of A and 
B respectively. Then we have ©^ Aj = © i>x £>i- Note that Bq is a semisimple 
algebra, so the classical theory can be applied. On the other hand, A as a direct 
sum of several finite-dimensional local algebras satisfies the splitting property (S), 
so we can use the generalized Koszul theory developed in the last section. 

Theorem 3.3. Let A and B be defined as above. 

(1) Suppose that A is a generalized Koszul algebra. If M is a generalized Koszul 
A-module, then the restricted module M \,g is classical Koszul. In particu- 
lar, B is a classical Koszul algebra. 

(2) Suppose that B is a classical Koszul algebra. If M is a graded A-module 
satisfying that Q i (M)i is a projective A^-module for each i ^ and M \.g 
is classical Koszul, then M is generalized Koszul. 

Proof. These two statements are precisely Theorems 5.13 and 5.14 in [12]. In the 
original proofs we did not assume that Aq is self-injective, see Remark 5.15. □ 

Theorem 3.4. Let A and B be defined as above. 

(1) A is a generalized Koszul algebra if and only if it is a projective Ag-module 
and B is a classical Koszul algebra. 

(2) Suppose that A is a generalized Koszul algebra. Then a graded A-module M 
is generalized Koszul if and only if it is a projective A^-module and M 

is classical Koszul. 

Proof. This is Theorem 5.16 in [12] , but we drop the unnecessary condition that 
A is sclf-injcctivc. 

(1). If A is a generalized Koszul algebra, then it is a projective ^-module, 
see the paragraph after Proposition 2.5. By (1) of the previous theorem, B is a 
classical Koszul algebra. Conversely, if B is a classical Koszul algebra, then Aq 
is a classical Koszul £>-module since it is a projective i?o-modulc. Thus by (2) of 
the previous theorem, A is a generalized Koszul algebra if we can show that £l l (Ao)i 
is a projective Ao-module for each i ^ 0. We prove a stronger statement, that is, 
Q l (Ao) is a projective Ao-modulc for each i ^ 0. 

Clearly, £1°(Aq) = Aq is a projective Ap-module. Consider the exact sequence 







n*(A>) 
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By the induction hypothesis, fT(Ao) is a projective Ao-module. Thus the above 
sequence splits as Ao-modules. But P l is a projective Ao-module since we assume 
that A is a projective Ao-module, so is f2 l+1 (Ao). This proves (1). 

(2). Since A is a generalized Koszul algebra, it is a projective Ao-modulc. If 
M is generalized Koszul, then it is a projective Ao-module (Proposition 2.6) and 
M lg is classical Koszul (by (1) of Theorem 3.3). Conversely, if M 4.5 is classical 
Koszul, to prove that M is generalized Koszul, by (2) of Theorem 3.3 it suffices to 
show that Sl l {M)i is a projective Ao-module for every i 0. This can be proved 
by a similar induction as we just did. □ 

Now we describe another correspondence which works in a more general situ- 
ation. As before, let A = Q) i>A . be a locally finite graded algebra generated in 
degrees and 1. At this moment we do not need the splitting condition (S). Let r 
be the radical of A , and 9\ = Ax A be the two-sided ideal generated by r. Note that 
r + 3 is also a two sided-ideal of A where 2 = i>x Aj, and it coincides with the 
radical of A if A is finite-dimensional. We then define the quotient graded algebra 

A = A/m = ®, l>0 A/m l . 

Lemma 3.5. Notation as above, £H S = Yli=o AixA s -i = (3 + x) s s +1 , and A is a well 
defined graded algebra. 

Proof. Since £R = AxA, the first identity is clear. Now we prove the second one. 
This is clearly true for s = since ^2 i=0 Aitj4 s _j = A xA = r = (r + 3)o- If s ^ 1, 
then AMs^ C4 S C y-r-a s ~ 4 C (r+a) s+1 - Therefore, EUo^^s-i £ (*+3) s+1 - 
But every element is homogeneous and has degree s, so Y^t=o AitA s _i C (t + -3)s +1 . 
On the other hand, 

s+1 

(r + 3) s+1 = X 1 -...-X s+1 . 

Xi=t,3, i=0 

Correspondingly, 

(t + 3): +1 = E (X 1 -...-X t+1 )„. 

Xi=x,Z, i=0 

Clearly, if all X, = 3 for ^ i ^ s + 1, then (X\ ■ . . . ■ X s+ i) s = 0. So we can 
assume that there is at leat one X- L = x. 

Take ^ v s € (Ai • . . . • A s+ i) s . If Ai = c, then w s g tA s ; if A s+ i = r, then 
v s E A s x. Otherwise, we have some < t < s + 1 such that Xi = r, and hence 
v s S (3't-3) s = J2t=i AitA s _i. In all cases we have v s e J2t=o AixA s _i. Therefore, 
(t + C Si=o ^i^s-i- This proves the first statement. 

The product of A is defined by the following rule. Take a s G A s and a t G A t , 
s,t ^ 0, we define a s ■ a t = a s a t to be the image of a s at in A s+t = A s+t /^s+t- 
Since by the first statement, 

s t s+t 

As = A s / ^ AixA s _,, A t = A t / ^ AitAt-i, A s+t = A s+t / ^ A.xAs+t-r, 

i=0 i=0 i=0 

it is enough to show that 

s s+t t s+t 

^ AixA a -i ■ A t C E ^rA.+t-,, A s • ^ A^A*-; C ^ AitA s+t _i. 

i=0 i=0 i=0 i=0 
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But these two inclusions hold obviously. Therefore, the product defined in this way 
gives rise to a well define product of A by bilinearity. □ 

Note that Ao = Aq/x is a semisimple algebra. 

Given an arbitrary graded A- module M = Q) i>0 Mi, we can define a graded 
A-module M = M/9KM = © O0 M i /($HM) i . 

Lemma 3.6. Let M be as above. Then 

(1) {VKM) n = Y™ =Q A i tM n - i ; 

(2) M is a well defined A-module; 

(3) if M is generated in degree 0, then 

n n 

(SRAf)„ = Y AixM n -i = Y AitA n -iM Q = ((t + Z) n+x M) n . 

i=0 i=0 

Proof. Since Ait G we have A,rM n _i C (IKM);. Letting i vary we get (9\M) n D 
ST=o AiX.M n _i. On the other hand, 

n n s n s n 

(<KM)„ = ]T KsM n - a = YY1 AiXA s -iM n - s C Y Y A i xM ^-i = Y A i xM n-i- 
s=0 s=0 i=0 s=0 i=0 i=0 

This proves the first statement. 

Now we prove the second statement. Take a s € A s and Vt £ M t . We define 
a s • v t to be the image ITpUt of a s vt in M s +t- Since 

s t s+t 

A s = A 3 / Y A Ms-i, M t = M t / Y A i* M t-i, M s+t = M s+t /Y A itM s+t -i, 

t=0 i=0 i=0 

it suffices to show the following two inclusions: 

s s+t t s+t 

Y A M s -i -M t cY AitM.+t-.i, A s ■ Y A i*M t -i C Y A^Ms+t-t. 

i=0 i=0 i=0 i=0 

But these two inclusions are clearly true. Thus M is a well defined graded A- 
module. 

The first identity in the third statement has been established in (1). The second 
identity is clearly true since M is generated in degree 0. So we only need to show 
the last identity. It is clear that 

n n 

{(x + 3) n+1 M) n = Y((*+3) n+1 )iM n -i = E(( r + 3T l+1 M™-* M o. 

i=0 i=0 

By taking i = n and using the previous lemma, we have 

n 

Y^AiTAn-iMo = ((t + a) n+1 )„Af C ((x + 3) n+1 M) n . 

i=0 
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But on the other hand, 

n n 

^((r + a) ,i+1 Mr M Mo C ^((r + 3) n+1 ) 4 • ((t + ^^jn-iMo 



2 = 



C^((r + a) 2 " +1 - l ) n M 

i=0 

C ((r + a)' 1+1 )„Mo 

n 

= J2 A ^ A nsM a 

i=0 



since for ^ i ^ n we always have (r + 2) 2n+1 1 !_ (t + This finishes the 

proof. □ 

We use an example to show our construction. 

Example 3.7. Let A be the path algebra of the following quiver with relations: 
S 2 = 9 2 =0, 9a = a5 = f3. Put A = (l x , l y ,S, 0) and A t = (a,P). 





The structures of graded indecomposable projective A-modules are: 

x 

P, = x yi P y = V0 . 

yx yo 

We find x = (5,9) , d\ = (8, 9, (3). Then the quotient algebra A is the path algebra of 
the following quiver with a natural grading: 

< a >-\ 
x >■ y is . 

Let M = radPj; = (5, a, fJ) which is a graded A-module. This module has the 
following structure and is not generated in degree 0: 

M = Xo yi 

yi 

Then M =_M /xM = (6) S S x , M x = Mi/{xM x + AitMo) = (a) = S y [l}. 
Therefore, M = S x © S y [l] is a direct sum of two simple A-modules, and is not 
generated in degree either. 

We also note that since M is not generated in degree 0, the identities in the third 
statement of the previous lemma are no long true. Indeed, we have: 

l 

((t + a) 2 ^/)i = AixAi-iMo = xAxM Q + AxxM = 0; 

i=0 

1 

(3tM)i = A * xM ^ = tM i + A ^ M ° = W- 

i=0 

The following proposition is crucial to prove the correspondence. 

Proposition 3.8. A graded A-module M is generated in degree if and only if the 
corresponding graded A-module M is generated in degree 0. 
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Proof. If M is generated in degree 0, then AiMo = Mi for all i ^ 0. By our 
definition, it is clear that AiMo = Ms. That is, M is generated in degree 0. 

Conversely, suppose that M is generated in degree 0. We want to show AiMo = 
Mi for i ^ 0. We use induction to prove this identity. Clearly, it holds for i = 0. 
So we suppose that it is true for all ^ i < n and consider M n . 

Take v n £ M n and consider its image v n in M n = M n / X)iLo A,tM n _j. Since 
M is generated in degree 0, we can find some a n £ A n and vo £ Mq such that 
v n = ftn^o- Thus u„ — a„uo = t> n — a n vo — 0. This means 

n n n 

v n - a n v £ ^2 Ai*M n -i = xM n + ^ AixM n _i = xM n + ^ AixA n -iM , 

i=0 i=l i=l 

where the last identity follows from the induction hypothesis. But it is clear 
A n M D Ya=i AitAn-iMo, so v„ - a n v Q £ tM n + A„M Q . Consequently, v n £ 
tM n + A n Mo. Since v n £ M n is arbitrary, we have M n C rM„ + A n Mo. Applying 
Nakayama's lemma to these Ao-modulcs, we conclude that M n = A n Mo as well. 
The conclusion then follows from induction. □ 

Lemma 3.9. Let M be a graded A-module generated in degree 0. If P is a grade 
projective cover of M, then P is a graded projective cover of M . 

Proof. Clearly, P is a grade projective module. Both P and M are generated in 
degree by the previous proposition. To show that Pq is a graded projective cover 
of Mq, it suffices to show that Po is a projective cover of Mq as Ao-modulcs. But 
this is clearly true since Po = Po/rp) = Mq/vMq = Mq. □ 

The procedure of sending M to M preserves exact sequences of graded A- modules 
which arc projective Ao-modulcs. 

Lemma 3.10. Let 0^-L^M^N^Obea short exact sequence of graded 
A-modules such that all terms are projective Ao-modules. Then the corresponding 
sequence — > L — > M — > N — >• is also exact. 

Proof. For each i 0, the given exact sequence induces a short exact sequence of 
Ao-modules — > Li —> Mi — > Ni — > 0. Since all terms are projective Ao-modules, 
this sequence splits. Thus we get an exact sequence of Ao-modules —> Li — > Mi — > 
Ni —> 0. Let the index i vary and take direct sum. Then we get an exact sequence 
of graded A-modules — > L — > M N — > as claimed. □ 

The condition that all terms are projective Ao-modules cannot be dropped, as 
shown by the following example. 

Example 3.11. Let A = Aq = k[t]/(t 2 ) and S be the simple module and consider 
a short exact sequence of graded A-modules 0— > S — >A— > S — >0. We have A = k. 
But the corresponding sequence 0— > S — > A — > S — > is not exact. Actually, the 
first map S — > A is since the image of S is contained in xAq . 

Now we can prove the main result of this section. 

Theorem 3.12. Let A = ©^>j Aj be a locally finite graded algebra and M be a 
graded A-module. Suppose that both A and M are projective Ao-modules. Then M 
is generalized Koszul if and only if the corresponding grade A-module M is classical 
Koszul. In particular, A is a generalized Koszul algebra if and only if A is a classical 
Koszul algebra. 
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Proof. Let 

(3.1) ... ^P 2 ^P 1 ^P° s- M ^0 

be a minimal projective resolution of M . Note that all terms in this resolution 
and all syzygies are projective Ao-modules. By Lemmas 3.9 and 3.10, M has the 
following minimal projective resolution 

(3.2) ... ^P 2 ^pT _po ^JJ 

Moreover, this resolution is linear if and only if the resolution (3.1) is linear by 
Proposition 3.8. That is, M is generalized Koszul if and only if M is classical 
Koszul. This proves the first statement. Applying it to the graded A-module A 
we deduce the second statement immediately. □ 

If A has the splitting property (S), we have a corresponding version for the 
previous theorem. 

Corollary 3.13. Let A = A.; be a locally finite graded algebra satisfying the 

splitting property (S). 

(1) A is a generalized Koszul algebra if and only it is a projective Ao-module 
and A is a classical Koszul algebra. 

(2) Suppose that A is a projective Ao-module. A graded A-module M is general- 
ized Koszul if and only if it is a projective Aq -module and the corresponding 
grade A-module M is classical Koszul. 

Proof. If A is a generalized Koszul algebra, then applying Proposition 2.5 to aA 
we conclude that it is a projective Ao-module. Moreover, A is a classical Koszul 
algebra by the previous theorem. The converse statement also follows from the 
previous theorem. This proves the first statement. 

If A is a projective Ao-module and M is generalized Koszul, by Proposition 2.6 
M is a projective Ao-module. Moreover, M is a classical Koszul module by the 
previous theorem. The converse statement follows from the previous theorem as 
well. □ 

We cannot drop the condition that A is a projective Ao-module in the above 
theorem, as shown by the following example. 



Example 3.14. Let A be the path algebra of the following quiver with relations: 
S 2 = 9 2 = 0, 6a = a6 = 0. Put A = (1 XJ l y , S, 9) and Ai = (a). 

The structures of graded indecomposable projective A-modules are: 

P = X ° P = m 

xo yi v 2/o ' 

We find r = (5,6) = 9L Then the quotient algebra A is the path algebra of the 
following quiver: 

^ v vj-"- 

Let A x = P x /Sy = (5,l x ) which is a graded A-module concentrated in degree 
0. The first syzygy fl(A x ) = S y [l] is generated in degree 1, but the second syzygy 



Koszul. However, A x = S x is obviously a classical Koszul A-module. Moreover, 



fl 2 (A x ) = S y [l] is not generated in degree 2. Therefore, A x is not generalized 
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we can check that A is not a generalized Koszul algebra, but A is a classical Koszul 
algebra. 

4. Extension algebras of standard modules 

Let A be a basic finite-dimensional algebra whose simple modules S\ (up to 
isomorphism) arc indexed by a preordered set (A, This prcordered set also 
indexes all indecomposable projective A-modules P\ up to isomorphism. According 
to [5], A is standardly stratified with respect to if there exist modules Aa, A G A, 
such that the following conditions hold: 

(1) the composition factor multiplicity [A\ : S^] = whenever fi ^ A; and 

(2) for every A £ A there is a short exact sequence — > K\ — >• P\ —> A a — > 
such that K\ has a filtration with factors A^ where fi > A. 

The standard module A\ is the largest quotient of Pa with only composition factors 
Sfj. such that jj, ^ X. It has the following description: 

A A =P A /^tr^(P A ), 

where tr Pfi (P x ) is the trace of P M in P A (PUg)- 

Throughout this section we suppose that A is standardly stratified with respect 
to sj. Let A be the direct sum of all standard modules and J 7 (A) be the full 
subcategory of A-mod such that each object in T(A) has a filtration by standard 
modules. For M G J 7 {A) and A G A, we take a particular A-filtration £ and define 
the multiplicity [M : A a] to be the number of factors in £ isomorphic to Aa. It 
is well known that the multiplicity is independent of the choice of a particular 
filtration. 

Since standard modules are relative simple in the category J 7 (A) and have finite 
projective dimensions, the extension algebra T = Ext^(A,A) of standard mod- 
ules is a graded finite-dimensional algebra, and provides us a lot information on 
the structures of indecomposable objects in J- (A). The structure of T has been 
considered in[lll[71[nj[I71[lB[njC^[23- 

We describe some preliminary results in |13| , where is supposed to be a partial 
order. 

Theorem 4.1. If A is standardly stratified for a poset (A, then the associated 
category £ of T is a directed category with respect to ^ and is standardly stratified 
for ^ op . Moreover, £ is standardly stratified for ^ if and only if for all X, ji G A 
and s ^ 0, Ext^(AA, A M ) is a projective Endx(A^) -module. 

Proof. This is Theorem 1.4 in [13]. □ 

We introduce some notations. Let Ai be the subset of all minimal elements in 
A, A2 be the subset of all minimal elements in A\Ai, and so on. Then A = Uj^iAj. 
With this partition, we can introduce a height function h : A — > N in the following 
way: for A e A, C A, i ^ 1, we define h(X) = i. For each M G J 7 (A), we define 
supp(M) to be the set of elements A G A such that [M : Aa] 7^ 0. For example, 
supp(Aa) = {A}. We also define min(Af) = min({/i(A) | A G supp(M)}). We say 
M is generated in height i if every simple summand of M / rad M is isomorphic to 
some Sa with h{X) = i. For example, the standard module Aa is generated in 
height h(X). 

The following definition is an analogue of Koszul modules of graded algebras. 
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Definition 4.2. An A-module M G is said to be linearly filtered if there is 

some isN such that Q,q(M) is generated in height i + s for s 0. Equivalently, 
M G J~(Q) is linearly filtered if and only if it is generated in height i and has a 
projective resolution 

Q l *~ Q 1 - 1 . . . + Q t+1 Q i M >- 

such that each Q s is generated in height s, i ^ s ^ I. 

With this terminology, we have: 

Theorem 4.3. Suppose that A = To as a T^-module and A\ is linearly filtered for 
each A G A. Then: 

(1) r is a projective T -module. 

(2) If M £ -F(A) is linearly filtered, then Ext^(A/, 0) is a generalized Koszul 
T-module. 

(3) In particular, T is a generalized Koszul algebra. 

Proof. The last two statements come from Theorem 2.12 in [T3] by letting = A 
and Q =a A. Thus we only need to show the first statement. But by (2.2) in page 
14 of [13], we know that T s = © AeA Ext^A^, A) is a projective r -module for 
every s ^ 1. □ 

We remind the reader that although T is a generalized Koszul algebra, the Koszul 
duality in general does not hold since To might not satisfy the splitting contion (S). 
See Example 2.14 in [13]. 

As before, let r = radTo and f = r/TrT. Then we have an immediate corollary. 

Corollary 4.4. Suppose that A = Tq as a Ty-module and A\ is linearly filtered 
for each A G A. Then the quotient algebra T is a classical Koszul algebra. 

Proof. This follows from Theorems 3.12 and 4.3. □ 

Example 4.5. Let A be the path algebra of the following quiver with relations 
S 2 = 5a = [35 — (3a = j(3 = 0. Let x > z > y. 





y 

u 



Indecompo sable projective modules and standard modules of A are described below: 

x Z 

P X Py P Z X 

y y y z 



y 



A =P = X A - y 

y y 



Clearly, A is standardly stratified. Moreover, all standard modules have projective 
dimension 1 and are linearly filtered. By direct computation we check that A = 
EndA(A) as Tq = End>t( A) -modules. 
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Now we compute the extension algebra T: T s = for s ^ 2; Ext^(A x ,A) = 0; 
Ext\(Ay, A) = End4(A 2 ); and Ext\(A z , A) = End A (A x ). Therefore, we find T 
is the path algebra of the following quiver with relations 5 2 — j35 = aS — j/3 = 0. 



7 

X ■< z 




y 

We remind the reader that a is in the degree part of T. Indeed, To = 
(l x ,l y ,l z ,S,a) and Ti = (f3,j). In this case To does not satisfy the splitting 
condition (S) since we can find the following non-splitting exact sequence: 

O^x^ V ->• 0. 

V x y 

Since r = radTo = (<5, a) = TxT, the quotient algebra T is the path algebra of the 
following quiver with relation 7/3 = 0, which is clearly a classical Koszul algebra. 

7 P 

x ■< z ■< y . 
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